We study the evolution of gravitational waves for non-singular cosmological solutions within the framework of Born-Infeld inspired gravity theories, with special emphasis on the Eddington-inspired Born-Infeld theory. We review the existence of two types of non-singular cosmologies, namely bouncing and asymptotically Minkowski solutions, from a perspective that makes their features more apparent. We study in detail the propagation of gravitational waves near these non-singular solutions and carefully discuss the origin and severity of the instabilities and strong coupling problems that appear. We also investigate the role of the adiabatic sound speed of the matter sector in the regularisation of the gravitational waves evolution. We extend our analysis to more general BornInfeld inspired theories where analogous solutions are found. As a general conclusion, we obtain that the bouncing solutions are generally more prone to instabilities, while the asymptotically Minkowski solutions can be rendered stable, making them appealing models for the early universe.
I. INTRODUCTION
After one hundred years of existence, General Relativity (GR) still stands out as the most succesful theory for the gravitational interactions [1] . However, this has not precluded an intense search for alternatives seeded by some challenges that GR currently faces (see [2, 3] for some reviews). On large scales, the problems of dark matter (yet to be detected) and the cosmic acceleration (including the cosmological constant problem, yet to be solved) motivate infrared modifications of GR. In the ultraviolet sector, different modifications are contemplated as possible resolutions of cosmological and black hole singularities as well as the non-renormalisability of GR. These two problems are usually linked, as it is expected that quantum gravity effects will somehow regularise the singularities.
There is, however, another approach developed as a hope to avoid curvature singularities, which is rooted in the mechanism originally proposed by Born and Infeld as a way to regularise the electromagnetic divergences associated to point-like charged particles in classical electrodynamics [4] . The idea behind it is to replace the original Maxwell action by some square root structure so that electromagnetic fields cannot grow arbitrarily large due to the existence of an upper bound. The same idea was pursued by Deser and Gibbons to regularise curvature divergences in gravity [5] . However, a naive formulation in the metric formalism (where the affine connection is assumed to be a priori given by the Christoffel symbols of * jose.beltran@cpt.univ-mrs.fr † lavinia.heisenberg@eth-its.ethz.ch ‡ gonzalo.olmo@uv.es § drgarcia@fc.ul.pt the metric) introduces ghost-like degrees of freedom and, thus, it is not satisfactory. The situation improves if one uses instead a metric-affine (or Palatini) formulation of the theory [6] , where the metric and affine connection are regarded as independent entities. In such a case, the ghost problem is naturally avoided and the theory does not introduce additional propagating degrees of freedom (see [8] for a detailed account on the properties of gravitational theories in metric-affine formulation). Effectively, this formulation amounts to a modified coupling of standard matter fields to gravity. The most widely studied theory within this framework is the so-called Eddingtoninspired Born-Infeld gravity (EiBI) and it is described by the action [9] 
where g is the determinant of the metric tensor g µν , R (µν) (Γ) is the symmetric part of the Ricci tensor of an independent connection Γ ≡ Γ α µν , M Pl is the Planck mass, M BI is the scale at which modifications with respect to GR are expected to appear, and λ is a constant related to the asymptotic nature of the corresponding solutions and encoded in the form of an effective cosmological constant that vanishes for λ = 1 . This theory and its extensions have been extensively studied in the literature due to their many applications in cosmology, black hole physics and astrophysics [10] (see [7] for a recent review on this class of theories). A prominent feature of this theory is that it indeed succeeds in avoiding cosmological and black hole singularities in traditional scenarios such as FLRW cosmologies [9, 11] and spherically symmetric configurations with electromagnetic [13] and scalar fields [14] . Despite this preliminary success, it has been observed that the non-singular cosmologies suffer from instabilities, which casts doubts on the physical robustness of these solutions. In particular, instabilities associated with an unbounded growth of tensor perturbations in cosmological bouncing solutions were reported in [15] . In subsequent works, the issue of these tensor instabilities in bouncing solutions was further considered [16] and argued [17] that, in some cases, such pathological behaviour could be avoided (see also [18] ).
In this work we revisit the behaviour of gravitational waves (GWs) in non-singular solutions from a general perspective. In section II we will review the non-singular solutions within the EiBI theory and summarise the governing equations of GWs, and analyse their behaviour in the presence of matter fields with constant equation of state parameter in section III. We will see that one encounters a mild instability in the GWs propagation in the asymptotically Minkowski solutions of the EiBI theory whereas the bouncing solutions exhibit a more severe instability. Based on this result, we devote section IV to the role of the adiabatic sound speed of the matter source in the GWs propagation, since in Born-Infeld inspired gravity theories the background evolution is sensitive to the adiabatic sound speed of the matter fields. Fluids with more general equation of state parameter might yield new non-singular solutions but we will see that this comes at the price of a diverging adiabatic sound speed. In section V we will perform a similar analysis for more general Born-Infeld inspired theories, for instance an extension in the form of a power law and elementary symmetric polynomials. Whereas the power law extensions share the same findings as in the EIBI theory, the symmetric polynomial extension will give rise to crucial differences concerning the asymptotically Minkowski solutions. We will summarise our findings in section VI and mention a few interesting roads to be explored in future works. We will be working in the mostly plus convention and matrices will be denoted by a hat.
II. NON-SINGULAR COSMOLOGICAL SOLUTIONS IN EIBI GRAVITY
We will start by briefly reviewing the non-singular solutions within the EiBI theory, which will provide the basics for studying the problem of tensor perturbations instabilities at the bounce. By non-singular we refer to both bouncing and asymptotically Minkowski solutions, as we will discuss in more detail below. We will follow here the general procedure developed in [7] to study cosmological solutions within this type of metric-affine theories. For later convenience, we will introduce the matrix
Since the theory is formulated in the Palatini formalism to avoid troubles with higher-order field equations and ghosts, the affine connection is an independent field whose explicit form has to be determined from the corresponding field equations. Under quite general circumstances (where, in particular, the connection does not enter into the matter sector), the connection can be algebraically solved as the Levi-Civita connection of an auxiliary metric q µν , i.e., ∇ λ ( √ −qq µν ) = 0. Moreover, such an auxiliary metric is related to the spacetime metric by means of a deformation matrix
where Ω λ β is a function of the matter sector (and possibly the spacetime metric itself) determined from the metric field equations. The deformation matrix can be defined for a general theory [7] , and for the EiBI theory it is simply given byΩ =M 2 . Since we are interested in cosmological solutions we will assume the matter sector to be described by a homogeneous and isotropic perfect fluid whose energy momentum tensor is given by
where ρ(t) and p(t) are the energy density and pressure of the fluid, respectively. We will assume a minimally coupled matter sector so that the conservation of its energy-momentum tensor will be the same as in GR, i.e., we will have ∇ (g) µ T µν = 0 for the covariant derivative corresponding to the Levi-Civita connection of the spacetime metric g µν . For this matter source, it is consistent to assume the matrixM to be also diagonal witĥ
The metric field equations in such a case reduce to M
where we have introduced the re-scaled quantitiesρ
BI can be either positive or negative (describing two branches of solutions for the theory), the barred energy density can also take negative values without running into physical pathologies. The above equations can be analytically solved as
so that the components ofM are algebraic functions of ρ and p. These solutions already hint the existence of bounded solutions for the EiBI theory from the square root structure, as we will explicitly see shortly. The components of the deformation matrixΩ (which will inherit the form ofM ) can be easily computed and are given by In the cosmological scenario under consideration both metrics will have the FLRW form so that
with {n,ñ} and {a,ã} the corresponding lapse and scale factor functions respectively. By using the form of the deformation matrix given in (7) we find that the components of both metrics are related as follows:
As it is common in cosmology, we will now consider that the perfect fluid has a linear barotropic equation of state with constant parameter, i.e., p = wρ with w constant. This is a very reasonable assumption for some standard cases like an ensemble of relativistic particles (w = 1/3) or non-relativistic particles (w ≪ 1). We will turn to more general scenarios later and, in fact, this will have an important impact on the non-singular solutions of EiBI. Moreover, the conservation equation for the energy-momentum tensor in this scenario leads to the usual continuity equatioṅ
The only dynamical matter variable is then the density ρ, which, according to (11) , evolves as ρ ∝ a −3(1+w) irrespectively of the gravitational Lagrangian. The general expression for the Hubble expansion rate, H ≡ȧ/a, can be computed as
where the right-hand-side is to be regarded as a function of ρ determined by replacing p = wρ in the corresponding expressions of M 0 , M 1 , Ω 0 and Ω 1 . At low energy densities, this expression reduces to the usual Friedman equation M Fig. 1 ). The first solution corresponds to an asymptotically Minkowski universe (loitering solution), whereas the second case gives a bouncing solution with a transition from a contracting phase to an expanding phase. Both of them correspond to scenarios where the scale factor reaches a minimum at some high energy, as depicted in Fig. 1 . At the asymptotically Minkowski point we have thatp = 1 so that Ω 0 = Ω 1 = 0 and the auxiliary metric becomes singular. For the bounce we have thatρ = −1 so that Ω 0 diverges and, due to Eq.(3), the auxiliary metric diverges too. In both cases, the relation between the auxiliary and the spacetime metric is pathological. This does not need to be a problem as long as it has no physical effects, i.e., it might be enough that the spacetime metric (to which matter fields are sensitive) is regular. However, although minimally coupled fields will only see the spacetime metric, tensor perturbations of the metric itself will be affected by this singular behaviour, as we explicitly show in the following, and this is at the heart of the difficulties for the construction of healthy non-singular solutions. In the remaining of this paper we will study this issue in detail and discuss the conditions to have stable non-singular solutions. We will conclude that one needs to go beyond this very simple scenario. But first, let us review the issue with the tensor perturbations.
III. EVOLUTION OF GRAVITATIONAL WAVES IN NON-SINGULAR SOLUTIONS IN EIBI
Let us consider the tensor perturbations for the above non-singular solutions in EiBI gravity. We will introduce tensor perturbations for both metrics as follows: δg ij = a 2 h ij and δq ij =ã 2h ij . As shown in [15] , the tensor perturbations for both the auxiliary and the spacetime metrics coincide, so we have h ij =h ij . This result was extended for a general class of Palatini theories in [19] , where it was further showed that this is only true in the absence of any anisotropic stress. This is just a direct consequence of the deformation matrix satisfying Ω i j ∝ δ i j , i.e., the space-space parts of the two background metrics are conformally related so that they have the same tensor perturbations. In that case, the corresponding evolution equation is given bÿ
where we see that the tensor perturbations propagate on the auxiliary metric background. That this is the case can be easily seen by going to the Einstein frame of the EiBI theory. This frame for general metric-affine theories is carefully discussed in [7] where we refer the reader for more details. In the present case, we can simply use the alternative bi-metric formulation of the EiBI theory given by the action
where R µν (Γ) is the (symmetrized) Ricci tensor constructed out of an arbitrary connection Γ. From Eq. (14) we see that the spacetime metric g µν only enters as an auxiliary field that can, at least in principle, be integrated out modifying the matter sector. The importance of this formulation of the EiBI action is that it is now apparent that the connection is determined as the LeviCivita connection of q µν and its dynamics is governed by the usual Einstein-Hilbert term 2 . Thus, since the tensor perturbations on the FLRW background for both metrics coincide, the gravitational waves (GWs) will indeed see the background geometry determined by q µν rather than g µν , as explicitly shown by Eq.(13). Thus, even if the spacetime metric is perfectly regular, a singular behaviour in the auxiliary metric could be seen by gravitational waves. This is the origin of the tensor instability first discussed in [15] . To be more precise, we need the effective propagation speed and the friction term in (13) to remain regular at the points where H vanishes. To investigate this point in more detail, let us introduce the notation for these two quantities
so that the tensor perturbations equation can be written asḧ
It is interesting to notice that c 2 T is positive if the deformation matrix is positive definite, i.e., we will not encounter any Laplacian instabilities whenever the two metrics share the same (Lorentzian) signature, which is the case for physically appealing solutions. Since the spacetime metric remains regular at those points where H = 0, the potential divergences will be due to the behavior of c 2 T andα/α. These terms for the EiBI Lagrangian can be expressed in terms of the fluid variables by inserting (7) and (8) into (15) to obtain
where in the last equation we have considered α as a function of ρ only, with p = wρ, and we have used the continuity equation (11) .
A. Gravitational waves instabilities
Now it is straightforward to analyse the behaviour of the tensor perturbations at those points: • Bouncing solution. For this solution we haveρ = −1 so we see that c 2 T diverges, signaling a singular behaviour of the tensor perturbations. On the other hand, near the bounce we have H 2 ∝ (1 +ρ) so thatα/α ∝ (1 +ρ) −1/2 and thus the friction term also diverges at the bounce.
• Asymptotically Minkowski. In this solution we havep = 1 so that we obtain c 2 T = 0 andα/α = 0, hence Eq. (13) is approximatelyḧ ij ≃ 0 and, thus, we have that tensor perturbations grow as t for t → −∞, i.e., in the asymptotically Minkowski region.
We have re-obtained the results of [15] in a slightly different way. However, here we did not need to solve the time evolution of the metrics but instead to put forward the direct relation between the singular behaviour of the auxiliary metric and the presence of tensor instabilities. We should emphasize that the instability in the bouncing solution looks more severe than the one obtained for the asymptotically Minkowski case, where the instability amounts to the mildly growing mode linear in time. In particular, if we start with an initial state at some large |t| with a finite amplitude for the tensor perturbation, the above result would suggest that the universe would actually isotropize with the expansion. However, the bouncing solution is much more dramatic since the divergence occurs exactly at the bounce and, moreover, it remains even for the long wavelength modes. This seems to signal the presence of a shear instability at the non-linear level. To see that this is actually the case, we will now turn to the non-linear case to understand the rise of a shear instability at the bounce, while the asymptotically Minkowski solution is free from shear instabilities.
B. Non-linear instability
We have seen that both of the above non-singular solutions are unstable because the singular behavior of the auxiliary metric q µν is transferred into a divergent growth of tensor perturbations. A natural question then is the nature of this divergence at the non-linear level. For that purpose, we will consider a homogeneous but anisotropic metric of the Bianchi I form
This problem was already treated in [20] for a class of Palatini theories. In that work, it was shown that the shear is given by
where C is a combination of integration constants and V ≡ (a 1 a 2 a 3 ) 1/3 is the volume of the congruence. We then see that the shear becomes singular for the bouncing solution since Ω 0 vanishes at the bounce. However, the asymptotically Minkowski solution leads to Ω 0 = 1 + 1/w so that there is no shear divergence (at least for a radiation fluid, which is the case we are interested in throughout this work). Thus, we find again that the instability for the bouncing solution is more severe than the one for the asymptotically Minkowski case.
C. Gravitational waves in the asymptotically
Minkowski phase.
The results of the precedent sections suggest that the asymptotically Minkowski solution is not as pathological as the bounce and, in particular, GWs present a smoother behaviour. For this reason, it is interesting to consider more carefully the behaviour of the GWs near the asymptotically Minkowski phase. As it is apparent from Fig. 1 , the universe remains in the Minkowski phase from t = −∞ until the GR regime is reached and we enter the usual expanding universe dominated by radiation. Thus, in the Minkowski phase H ≃ 0 and the GWs evolve according toḧ
where we have normalised the scale factor to its value at t = −∞, so a ≃ 1, and we have chosen cosmic time, so that n = 1. This simplified equation, which is valid throughout the entire Minkowski phase at high densities, is very illuminating to understand the behaviour of the GWs. We see that the friction termα/α is simply telling us that the GWs will see a cosmological expansion different from the one to which matter fields are sensitive to. Thus, while matter sees an effective Minkowski space, GWs evolve as if they were in an effective FLRW universe with a Hubble factor proportional toα/α and with a propagation speed given by c 2 T . This immediately allows us to understand that the actual pathology for the GWs around these non-singular solutions is the vanishing of c T is however more problematic since this might point towards a strong coupling problem in that regime. An easy way to understand this is that, with c 2 T = 0, exciting spatial gradients of GWs costs no energy at all. In order to be more precise, we can write down the quadratic action for the GWs. This is a trivial task if
Obviously, this action leads to the GWs equations given in (13). If we evaluate it near a non-singular solution with a ≃ 1 we have the expected result
where it is apparent that α plays the role of an effective scale factor 3 . We thus see that α simply amounts to a change in the normalisation of the GWs and, moreover, it is α that has a precise physical meaning. Let us notice that, by the own definition of α, this is a positive quantity and, thus, no ghost instabilities will ever arise, as one would have expected. Now, if we canonically normalise the GWs as h ij = 4h c ij /(M Pl √ α) then the interactions of the GWs will be suppressed by a scale ∼ √ αM Pl so that if α vanishes this scale is arbitrarily small and the interactions will become very relevant, breaking down the perturbative expansion. This is precisely what happens for the bouncing solutions. However, the asymptotically Minkowski solution gives a finite value for α so that this strong coupling problem is absent.
Concerning c 2 T , we can choose a time coordinate τ such that dτ = c T dt so that the action can be expressed as
This form of the action shows an interesting face of the instability. Let us notice by passing that the product αc T is finite for the bouncing solutions (see Table I ) so, neglecting for a moment the very unpleasant presence of a divergent propagation speed prone to causing causality problems, one might be tempted to think that GWs behave smoothly in this time coordinate with no strong coupling problems. However, this time re-scaling will also affect the interactions of the GWs and the matter sector and, therefore, the strong coupling problem has not disappeared but translated into those sectors. In the asymptotically Minkowski solution however, α remains finite while c 2 T vanishes and we can then clearly see the strong coupling problem arising from the vanishing of c 2 T , while the vanishing of the friction term in the GWs equation simply signals that they also see an effective Minkowski space, but that does not introduce any pathology.
The type of behaviour found for the GWs with vanishing propagation speed is also encountered in other models of modified gravity like the ghost condensate [21] . The resolution to this difficulty in that case is that the gradient energy will then come from higher derivative interactions that would stabilise the system. Within an effective field theory perspective, we could also expect the presence of higher derivative interactions in the Lagrangian of the form 4 (∇ 2 h ij ) 2 that would give the appropriate dispersion relation with an analogous stabilisation mechanism. By including those terms and taking c T → 0 the quadratic action for GWs would read
with A some (possibly time-dependent) parameter. This quadratic action leads to a dispersion relation of the form ω 2 ∝ k 4 instead of the usual quadratic relation. The vanishing of the sound speed for the perturbations around a non-trivial background also occurs for the transverse phonons in the effective field theory of fluids [22] . In that case, even higher derivative interactions will not resolve the problem because this feature is actually imposed by a symmetry. In the case of the EiBI there is no symmetry imposing c 2 T = 0 at the asymptotically Minkowski phase and, thus, it is closer to the case of the ghost condensate model.
From this discussion it is now clear that the actual pathology for the behaviour of GWs in asymptotically Minkowski solutions is the vanishing of c 2 T , but the problem could be resolved by including higher order derivative terms. However, unlike the problems arising in the bouncing solutions, the vanishing of the propagation speed for the asymptotically Minkowski phase can actually be avoided within other Born-Infeld inspired gravity models, as we will explicitly see for a specific theory in Section V B.
IV. THE ROLE OF c 2 s
In the previous section we have discussed the presence of tensor instabilities in bouncing and asymptotically Minkowski solutions for the EiBI model. We have seen that, while the latter gives rise a mild instability in the asymptotic past, the former exhibits a more severe instability caused by a divergence of the propagation speed and the vanishing of the GWs normalisation α. Those results have been obtained by assuming a barotropic fluid with constant equation of state parameter. However, in Born-Infeld inspired theories (and in metric-affine theories in general) the cosmological evolution also depends on the adiabatic sound speed of the matter source. This is a crucial difference with respect to most modified gravity theories that we want to explore here to see if it can help alleviating the tensor instabilities. In fact, this was already explored in [17] for a fluid with time-dependent equation of state where the authors argued that such a time dependence could resolve the presence of tensor instabilities in bouncing solutions. Here we will consider a more general scenario in the presence of a fluid with a general sound speed and show the mechanism by which the GWs could be rendered stable in bouncing solutions. As we will see, this generically relies on a divergent sound speed at the bounce. For the sake of clarity, it will be convenient to briefly go through the crucial steps for the derivation of the modified Friedman equation (see [7] for a more detailed derivation).
As usual, we start by computing the 00 component of the Einstein tensor of the auxiliary metric from its definition
where we have used thatã 2 = Ω 1 a 2 . Now we need to notice that Ω 1 will still be the function of ρ and p given in (7), as dictated by the metric field equations. Then, we can expand its time derivative as
where we have defined the adiabatic sound speed
and we have made use of the continuity equation (11) . We can now use this result to re-write G 00 (q) as
(29) On the other hand, we can alternatively express the Einstein tensor
in terms ofM and the deformation matrixΩ from their definitions in (2) and (3). Then, we have
5 Let us notice that the expressions used throughout this derivation are insensitive to a re-scaling of the density and the pressure, so that all formulae are the same for both the barred and unbarred variables.
Equipped with this result we can finally obtain the modified Friedman equation that generalises (12) to the case of a general perfect fluid:
(32) After deriving the modified Friedman equation determining the background solutions, we will re-derive the equation for the tensor perturbations in this more general scenario. This is straightforward because Eq. (13) is still valid and we only need to obtain the new expressions for the propagation speed c 2 T , the GWs normalisation α and the corresponding friction term ∂ t log α. It is easy to see that the expressions (15) are still valid because they are simply based on the algebraic relations between the two metrics, i.e., they are algebraic functions of the deformation matrix. This in turn implies that c 2 T and α will remain the same and the only effect of considering a general equation of state will go into the friction term because, in general, the expression (18) will become
However, for the specific case of the EiBI theory, we find from the general expression (15) that α = |1 +ρ| for any equation of state. Since this expression does not depend onp, we see that the potential dependence on c 2 s of the friction term drops and, thus, the friction term also remains oblivious to the presence of c 2 s . We then conclude that the equation for the GWs obtained above will still be valid for the more general scenario considered here.
After our discussion on the modifications introduced by considering a general equation of state, we are ready to analyse the potential role of c 2 s for the stabilisation of the GWs in the non-singular solutions of EiBI gravity. The first important feature to notice is that, since c 2 s does not enter directly into the equation for the tensor modes but only indirectly by possibly modifying the background cosmology, the bouncing and asymptotically Minkowski solutions occurring at the same values of ρ as those discussed in the precedent sections will still be plagued by instabilities. These solutions are obtained as the finite density values that give a vanishing expansion rate in (32), which can occur for values that either cancel the numerator or give a divergent denominator. In order to clarify our analysis, let us explicitly write the modified Friedman equation in terms of the matter variables as
where we have introduced the definitions
We then see that the non-singular solutions withρ = −1 andp = 1 remain in the general case and will be unaffected by c 2 s (as long as c 2 s is regular). As explained above, the GWs on top of these solutions cannot be regularised by the presence of c is to be regarded as the sound speed of the fluid, i.e., the propagation speed of the density waves. This is indeed the case for perfect fluids for which the pressure is a function of the density alone, i.e., p = p(ρ). In that case we have thatṗ/ρ = dp/dρ so that c 
Near the bouncing and asymptotically Minkowski solutions characterised by H = 0 at a finite density, we see that c 2 s diverges and, thus, this is a good parametrisation to study the relevant effects around the solutions of interest. Let us notice that c 2 s,0 and c 2 s,1 can be functions of time with the only condition that they must remain finite at H = 0, i.e., the divergent part of c 2 s has been explicitly extracted. In particular, this parametrisation captures the behaviour of a general Lagrangian giving rise to an energy momentum tensor of a perfect fluid form (as a minimally coupled scalar field). In that case, we define the usual time-dependent equation of state parameter w ≡ p/ρ and then we have that
which is of the form of our parametrisation, assuming that both w and its time-derivative remain regular. Let us also notice that this simple example shows that the divergence of c 
with (40)
These will be the solutions with some hope of regularising the tensor perturbations. For c 2 s,1 = 0 we recover the bouncing and asymptotically Minkowski solutions discussed above. However, despite encountering new potential non-singular cosmological solutions, we need to keep in mind that this comes in at the expense of having a divergent adiabatic sound speed so that, if one of these solutions is found, a crucial viability condition that needs to be carefully checked is the behaviour of the matter sector perturbations around such solutions.
V. NON-SINGULAR SOLUTIONS AND GWS IN MORE GENERAL BORN-INFELD GRAVITY
After discussing the non-singular cosmological solutions and the corresponding behaviour of the GWs for the EiBI theory we will turn to analogous analyses within some other specific Born-Infeld inspired theories 6 . We will see that many of the properties are actually shared by these theories. In particular the existence of both branches of non-singular cosmologies, namely bouncing and asymptotically Minkowski solutions, also exist for those theories, as expected from the square root structure. We will see how the problems with GWs at the bounce persist for all the cases, while their behaviour can be improved for the asymptotically Minkowski solution of the theory considered in V B.
A. Power-law functional extensions
In this section we shall consider a family of extensions of the original Born-Infeld gravity under the functional form f (χ), where here we are defining the object
(Γ)) by convenience. This way, EiBI gravity corresponds simply to f (χ) = χ 1/2 . This class of theories and their cosmological solutions at early times have been extensively discussed in [11] (black hole solutions in these theories have been considered instead in Ref. [23] ). The trick to formulate the corresponding field equations on this case lies on introducing an auxiliary scalar field A so that with the definitions φ ≡ df /dA 6 The property of ghost freedom in the EiBI theory is actually generic in metric-affine theories with Lagrangians built out of curvatures where the connection only enters as an auxiliary field. In particular, the theories considered in this section share this property. See e.g. section 2.7.1 of [7] for more details on this point and [12] for a discussion including non-minimal couplings.
and V (φ) = A(φ)f A − f (A), the field equations can be cast as [11] 
where the gravity Lagrangian density is obtained here as
, and the auxiliary metric q µν (compatible with the independent connection, ∇ λ ( √ −qq µν ) = 0) is now defined as in Eq.(3) now witĥ
It should be noted that both φ = φ(T µ ν ) and V (φ) = V (φ(T µ ν )) (as shall be clear with an explicit example below), which means that the corrections on the righthand-side of the field equations (41) are just functions of the matter sources, as is common in Palatini theories of gravity.
For the purpose of this work, let us consider the class of power-law theories defined by
where the case β = 1/2 corresponds to the original EiBI theory. From the definitions above, one finds for this case φ = βχ β−1 and V (φ) = (β −1)χ β so that the components of the matrixΩ = diag 1 . For a perfect fluid (4) the objects {w 0 , w 1 } read explicitly
from where we can obtain the equation
Note that, due to the dependence of {ω 1 , ω 2 } on χ in Eqs. (45) and (46), the resolution of this last expression does not provide, in general, a closed relation χ = χ(ρ,p) (an exception to this statement is the original EiBI gravity, β = 1/2, for which one obtains the results already discussed in Sec. II). For arbitrary β one needs instead to solve Eq.(47) using numerical methods in order to plug the result back into the field equations (41) and obtain the evolution of the Hubble factor in these theories. Nonetheless, for the computation of the sound speed and the friction termα/α we just need to inspect the relation w 2 , so that from Eq. (15) we obtain
. (49) and, from the last equation, using the conservation law (11) the explicit form of the friction termα/α is immediately obtained. Note that these expressions reduce to those of the original EiBI gravity, Eqs. (17) and (18), when β = 1/2. In Fig. 2 we have numerically integrated and plotted the evolution of the Hubble factor as a function of the density ρ assuming radiation, w = 1/3, for the functional extensions defined by β = 1/3 (solid blue) and β = 2/3 (solid red), compared to the original EiBI gravity solution (β = 1/2, dashed orange) and the GR behaviour (dotted purple). There we observe the recovery of the GR solution at low energy densities, while for high energy densities we find instead the same two kinds of solutions as in EiBI gravity. On the one hand we have bouncing solutions (M In Fig. 3 we also employ the functional extensions β = 1/3 (solid blue) and β = 2/3 (solid red). In these cases, at the bouncing solution (corresponding to T vanishes in all cases, while the friction termα/α vanishes also for those cases defined by β ≤ 1/2, but is finite for those corresponding to β > 1/2 (for the β = 2/3 depicted in this plot it takes the valueα/α ≃ −1.959|M BI |. These results imply that, like in the standard EiBI gravity (β = 1/2, dashed orange curve), tensorial instabilities have much less dramatic effects in the asymptotically Minkowski solution than in the bouncing one.
B. Elementary symmetric polynomials
Let us now consider an extended version of the BornInfeld theory with similar solutions as those above, but in which the instability of the tensor modes for the asymptotically Minkowski solution is avoided, while the divergence for the bouncing solution remains. Such an extension was considered in [24] inspired by the massive gravity potential interactions and consisted in extending the EiBI action to all the elementary symmetric polynomials of the matrixM . The cosmology of the first polynomial was already studied in [24] where a de Sitter phase at high densities was identified and used in [25] to develop an inflationary phase supported by a dust component. Here we will focus on the third polynomial which, as we will show, has non-singular solutions analogous to the ones discussed above for the EiBI model 7 . Thus, the action that we will consider is given by
(50) where [·] stands for the trace of the corresponding matrix and the normalisation has been chosen so that we recover GR at low curvatures. We will additionally generate a cosmological constant which can be cancelled by choosing λ = 4/3. We will assume this value in the following and consider the cosmological constant as part of the matter sector. The metric field equations in this case are given by
the framework of Born-Infeld inspired theories of gravity. We have briefly reviewed the existence of bouncing and asymptotically Minkowski solutions in the EiBI model and the appearance of instabilities in the GWs sector for such solutions. We have re-obtained known results in a slightly different approach that allows an apparent understanding of these instabilities without even solving the background evolution. We have discussed how GWs are sensitive to a different geometry from that to which matter fields couple minimally and it is precisely the singular behaviour of the metric seen by GWs what causes the pathologies, even if the matter fields see a perfectly regular geometry. We have reduced the properties of the GWs to the behaviour of the anomalous propagation speed, the normalisation and the friction term generated by the deformation matrix relating the two geometries. The fact that the bouncing solutions give rise to divergences in the propagation speed and a vanishing normalisation explains the pathology of the GWs evolution at the bounce as a strong coupling problem. On the other hand, the asymptotically Minkowski solution leads to a vanishing value for the propagation speed, what implies a much milder type of instability which, in fact, could be resolved by including higher derivative terms, in analogy with the ghost condensate model. This has been briefly discussed at the homogeneous but non-linear level, where we have seen that the bouncing solutions result in a divergence of the shear at the bounce, while it behaves smoothly in the asymptotically Minkowski solution.
A remarkable property of modified gravity theories within the metric-affine formalism is the sensitivity of the background cosmology to the sound speed of the matter source. In GR, only the equation of state parameter is relevant so this represents a very distinctive feature. We have thus studied the potential impact of this new parameter on the non-singular solutions and the possibility of regularising the GWs behaviour. We have found that such a parameter does not affect the anomalous propagation speed of GWs and, therefore, the presence of a nontrivial sound speed for the matter sector supporting the non-singular solutions cannot regularise the pathological behaviour of GWs. Another possibility is that the sound speed can generate new non-singular solutions and these could be free from instabilities. Unfortunately, we found that such solutions must rely on a divergent sound speed, so the physical viability of such solutions concerning the perturbations of the matter sector is jeopardised. This shows that new non-singular solutions with no instabilities, both in the GWs and the matter sector, if they exist, they must be supported by contrived matter sources. In particular, sources that can be described by perfect fluids can hardly achieve it.
After studying the tensor instabilities within the EiBI theory, including the non-trivial effects of the matter sector sound speed, we have considered some extensions of this theory, in particular power law and elementary symmetric polynomials extensions, where the same nonsingular solutions can be found. We have seen that the power law extensions exhibit similar properties to the EiBI theory, i.e., the bouncing solutions come in at the expense of divergent propagation speed and friction terms for the GWs equation, while the asymptotically Minkowski solutions lead to a vanishing propagation speed. The vanishing or not of the friction term depends on a new parameter defining a particular theory. We have finally shown the same behaviour appearing in the elementary symmetric polynomials extension.
In order to summarise, we could say that the bouncing solutions for the class of Born-Infeld inspired theories studied throughout this work are prone to the presence of severe instabilities in the gravitational waves sector. Our findings are in no way a definite no-go result for the existence of fully stable bouncing solutions within these theories, but they show that the simplest realisations are not possible and, in general, finding stable bouncing solutions is challenging, as in many other frameworks. On the other hand, the instabilities found in the branch of asymptotically Minkowski solutions seem less severe than the ones of the bouncing solutions because the normalisation remains finite and non-vanishing. Our results might signal that the two classes of non-singular solutions existing within Born-Infeld type of theories come in at the expense of a vanishing propagation speed and, furthermore, they might admit a characterisation provided by the behaviour of the normalisation factor so that bouncing and asymptotically Minkowski solutions correspond to vanishing and finite normalisation factors respectively. The generality of these results remains to be established.
